In this work we study a gauge invariant local non-polynomial composite spinor field in the fundamental representation in order to establish its renormalizability. Similar studies were already done in the case of pure Yang-Mills theories where a local composite gauge invariant vector field was obtained and an invariant renormalizable mass term could be introduced. Our model consists of a massive Euclidean Yang-Mills action with gauge group SU (N ) coupled to fermionic matter in the presence of an invariant spinor composite field and quantized in the linear covariant gauges. The whole set of Ward identities is analysed and the algebraic proof of the renormalizability of the model is obtained to all orders in a loop expansion.
In the present work, we pursue the investigation started in [31, 32] , by extending it to the matter sector through the introduction of a gauge invariant composite non-polynomial spinor field. The latter will be included in the starting action together with the dimension two gauge invariant operator A 2 min , obtained by minimizing A 2 along the gauge orbit [33, [35] [36] [37] , namely
The minimization procedure for A 2 min enables one to introduce a nonlocal gauge field A h µ which turns out to be left invariant by gauge transformations, order by order in powers of the coupling g [38] . Recently, a localization procedure for A h µ has been achieved by means of a localizing Stueckelberg-like field ξ [31, 32] . The resulting non-polynomial action has been proven to be renormalizable to all orders thanks to the existence of a Becchi-Rouet-Stora-Tyutin (BRST) nilpotent exact symmetry.
In the sequel, in analogy with the localized expression for A h µ , we shall introduce its fermionic counterpart, i.e. we shall construct a local composite non-polynomial spinor field ψ h which is left invariant by the BRST transformations.
The introduction of such a BRST invariant spinor field ψ h might have several practical applications.
Let us quote, for example, the framework devised in [39] where a kind of effective horizon function for matter fields was employed within the Gribov-Zwanziger setup in order to obtain an analytic expression for the quark propagator in agreement with the available lattice data in Landau gauge, see [39] and refs. therein. Another potential fruitful application can be figure out in relationship to the non-Abelian Landau-Khalatnikov-Fradkin transformations (LKF) along the path outlined in [40] , where the localized BRST invariant composite field A h µ was employed to interpolate the n-point correlation functions of the gauge field A µ between different gauges. In this case, the composite invariant field ψ h could allow to generalize the construction of [40] to the LKF transformations for correlation functions including spinor fields within a BRST invariant renormalizable framework.
The paper is organized as follows. In Sec. II, we outline the construction of a local and BRST invariant action including the gauge invariant composite fields A h µ and ψ h . In Sec. III, we determine the Ward identities fulfilled by the resulting quantized action. In Sec. IV, we work out the most general counterterm and establish the renormalization factors for all fields, composite operators, external sources and parameters. In Sec. V, we present our conclusions.
II. CONSTRUCTION OF A LOCAL AND BRST INVARIANT ACTION
Let us begin with the construction of a complete local BRST invariant action containing the gauge invariant operators A h µ , ψ h andψ h = (ψ h ) † γ 4 . The order by order gauge invariant operator A h µ is already known in the literature [31, 38] , being given by a highly nonlocal expression in the gauge field, namely
The operators ψ h andψ h are the analogous fermionic counterpart of A h µ and will be discussed later in the local formulation, in section (II B). In order to establish a local framework for A h µ , we introduce an auxiliary localizing Stueckelberg-like field ξ a , see Refs. [38, [41] [42] [43] [44] , as follows
where the matrices {T a } are the generators of the gauge symmetry group SU (N ). Then, one can
provided the transversality constraint,
is fulfilled.
Expanding (4) in power series of ξ, we get a non-polynomial series,
being the covariant derivative in the adjoint representation of SU (N ). The transversality constraint (5) turns out to be thus a constraint on the Stueckelberg field. Indeed, solving iteratively the condition ∂ µ A h µ = 0 for ξ, one gets back the non-local expression (2), see [31, 32] .
The gauge invariance of expression (4) becomes now manifest. It is easy to check in fact that A h µ is left invariant by
with u = e −igω ∈ SU (N ).
From the local expression for A h µ a local non-polynomial gauge invariant action is written down as
where
is the field strength and
is the covariant derivatives in the fundamental representation of SU (N ). The action S inv provides a local setup for the nonlocal operator A h µ . The auxiliary field τ a plays the role of a Lagrange multiplier, implementing the transversality condition for the gauge invariant composite field A h µ . The fields (η, η) are a pair of anti-commuting fields needed to take into account the Jacobian arising from the integration in the functional integral over the multiplier τ a . To some extent, these fields are analogous to the Faddeev-Popov ghosts which will be introduced later on by means of the gauge-fixing procedure. Finally, the last two terms of S inv represent the matter sector characterized by the Dirac fields (ψ,ψ), while m ψ is the corresponding mass parameter 1 .
1 According to the notations adopted here, the Greek indices {µ, ν, ρ, σ} are the vector indices of the Euclidean space, while the Greek indices {α, β, γ, δ} are the Dirac spinor indices. The Latin indices {a, b, c, d, e}, running from 1 to N 2 − 1, are the indices of the adjoint representation of SU (N ); while the Latin indices {i, j, k, l}, running from 1 to N , represent the indices of the fundamental representation of the group. The Dirac gamma matrices γµ in Euclidean space are displayed in Appendix B of [45] .
As pointed out in details in [31, 46] , the action (10) displays deep differences with respect to the conventional non-renormalizable non-Abelian Stueckelberg action [41] [42] [43] [44] . The difference lies precisely in the transversality constraint (5), implemented in expression (10) through the fields (τ,η, η). Condition (5) follows directly from the minimization procedure for the operator A 2 min . As such, it has a geometrical meaning while being responsible for a good ultraviolet behavior of the model which, unlike the case of the standard Stueckelberg action, enjoys in fact perturbative renormalizability [31, 46] .
It is worth observing that the gauge invariant composite operator A h,a µ A h,a µ has been introduced in the action (10) through the free mass parameter m 2 . Interestingly, this term plays an essential role in the construction of effective models which reproduce the infrared behaviour of the Landau gluon propagator observed in lattice simulation to high accuracy, see [7, 8, 13] .
As mentioned before, the action S inv is left invariant by the following infinitesimal gauge transformations:
where ω a is the infinitesimal parameter of the gauge transformation. The non-polynomial transformations of the Stueckelberg field ξ a can be evaluated order by order by means of the transformations of h ij = (e igξ ) ij and (h † ) ij :
A. Gauge-fixing and BRST symmetry
Being the action S inv , eq.(10), a gauge invariant expression, a gauge-fixing condition is required for its quantization. In the present work we will choose the so-called linear covariant gauge, which is in fact a general class of covariant gauges depending on a gauge parameter α. Therefore, we shall consider the following gauge-fixing term:
with
where (c a , c a ) are the Faddeev-Popov ghosts and b a is the auxiliary Nakanishi-Lautrup field implementing the gauge condition, namely
In particular, setting α = 0, the Landau gauge is recovered.
As is well known, with the introduction of the gauge-fixing term S gf , the gauge invariance of expression (10) is replaced by the nilpotent BRST transformations which, in the present case, take the form
where,
and
Evidently, we also have
B. Introducing the local gauge invariant composite spinor field ψ h
We are now ready to face the main task of the present work, namely: the introduction of the local non-polynomial gauge invariant spinor composite operator ψ h which, in terms of the auxiliary Stueckelberg field ξ, can be defined as
where ψ is the Dirac field and h is given by eq.(3). As the Dirac field transforms as ψ → u † ψ and h † as h † → h † u for a finite gauge transformation u, it is immediate to realize that ψ h is gauge invariant. Of course, the same procedure can be done for the Dirac adjoint fieldψ, giving rise to the Dirac adjoint invariant composite fieldψ h ≡ψh.
Expanding in terms of the Stueckelberg field ξ a , we have
In order to study the composite fields (A h µ , ψ h ,ψ h ) at the quantum level, we introduce them in the starting action by means of BRST invariant external sources which will allow to define the renormalized functional generators for the Green functions involving the insertions of the aforementioned composite operators [47] . Moreover, besides the invariant composite fields (A h µ , ψ h ,ψ h ), there are some other composite fields related to the nonlinear BRST transformation of the fields (A a µ , c a , ψ i ,ψ i , ξ a ), eqs. (18), which require the introduction of the corresponding BRST invariant source.
Therefore, taking into account the whole set of external sources, we write down the following complete action Σ:
One sees that the sources (J a µ , V,V ) couple to the composite operators (
to the nonlinear BRST transformations of the fields (A a µ , c a , ξ a ,ψ, ψ). For later convenience, the invariant mass terms (A h µ A h µ ) and (ψψ) are also introduced through local sources (J, J ψ ). Moreover, it turns out to be useful to introduce also the composite field operator
by means of its corresponding source Ξ a µ . Finally, The last three terms in eq. (24), containing the free parameters (ζ, ζ , ζ ), are allowed by power counting. These terms are needed to reabsorb the ultraviolet divergences appearing in the correlation fuctions (
The BRST invariance of Σ is automatically fulfilled by setting
Finally, the Faddeev-Popov action, eq. (15), is recovered from Σ when the external sources
(Ω, L, K, U,Ū , J , V,V , Ξ) vanish and (J, J ψ ) are set equal to:
We are now ready to establish the symmetry content of the action (24), a topic which will be faced in the next section.
III. WARD IDENTITIES
In order to go ahead with the algebraic renormalization procedure [47] , we need first to establish the Ward identities fulfilled by the action Σ, eq. (24), which we enlist below, namely:
A. The Slavnov-Taylor identity
The BRST invariance can be expressed as a functional identity known as the Slavnov-Taylor identity,
The nonlinear operator S is given, for a general functional F, by
For further use, we also introduce the so-called linearized Slavnov-Taylor operator B Σ [47] ,
enjoying the property of nilpotency, 
corresponding to the linear covariant gauge-fixing adopted here, has the meaning of a Ward identity [47] . This follows from the fact that the right-hand side of (31) is linear in the quantum fields. As such, it represents a linearly breaking term which is not affected by quantum corrections [47] .
C. The antighost equation
The antighost fieldc a combines with the source Ω a µ to give rise to the following identity
known as the antighost equation [47] .
D. The equation of τ a
Analogously to the antighost equation, the equation of motion of the τ a field and the variation of the action with respect to the source J a µ , yields the following identity:
which we shall call the τ -equation.
E. The η-ghost equation
Differentiating the action with respect to the ghost η a and integrating on space-time, gives the Ward identity:
where G a η is the linear operator:
F. Theη-antighost equation
Similar to the antighost equation, eq. (32), is theη-antighost Ward identity, namely
Notice that the presence of the composite field operator D ab µ (A h )η b , coupled to the source Ξ a µ , is needed in order to establish this identity.
G. The η-ghost number
A ghost number can be assigned to the anti-commuting fields (η, η) and to the source Ξ µ , resulting in the following η-ghost number Ward identity Analogously, we have also the usual c-ghost number in the Faddeev-Popov sector, expressed by
I. The fermionic Ward identity
Finally, similarly to the η and c-ghost numbers, we have a Ward identity in the matter fermionic sector, given by
The quantum numbers of all fields and sources are displayed in Tables I and II , where we use the capital letter (C) for the commuting quantities and (A) for the anti-commuting ones.
As we shall see, this set of Ward identities is enough to prove the renormalizability of the action eq. (24) by means of the algebraic renormalization procedure [47] .
IV. RENORMALIZATION
In the last section, we presented the set of Ward Identities that action Σ, eq. (24), obeys. We turn now our attention to determine the most general invariant counterterm preserving such identities, which will enable us to prove the renormalizability of the starting action Σ in the presence of the gauge invariant composite fields (A h µ , ψ h ,ψ h ).
A. Determination of the most general counterterm
In order to characterize the most general invariant counterterm, we follow the algebraic renormalization setup [47] and perturb the action Σ,
in such a way that is an expansion parameter and Σ count is, in agreement with the power-counting, an integrated local polynomial in the fields and sources with dimension four and vanishing c-ghost, η-ghost and ψ quantum numbers. Demanding that the perturbed action, (Σ + Σ count ), fulfills to the first order in the expansion parameter the same Ward identities of the action Σ, namely
we obtain the following constraints on the local invariant counterterm Σ count : Making use of the general results on the cohomology of Yang-Mills theories, see [47] , it turns out that Σ count can be written as
for some localM (−1) . The terms ∆ cohom and ∆ (−1) are, respectively, the nontrivial and trivial solutions of (42) . Also, according to the quantum numbers of the fields, ∆ (−1) is an integrated polynomial of dimension four, c-ghost number −1 and both vanishing η-ghost number and ψ-charge.
Taking into account the BRST invariance of (A h , ψ h ,ψ h , η,η, τ ), it follows that the term ∆ cohom can be parametrized as
where the coefficients (a 0 , a 1 , a 2 , a 3 , a 4 , a abcd
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, a 6 , a 7 , a 8 , a 9 ) are free constant dimensionless parameters and where we have already imposed the constraints (43)- (46) and (48)- (50) 2 . The quantities
stand for local functionals which can be expanded in powers of ξ a .
Requiring now that ∆ cohom fulfills the constraint (42), we obtain
The quantities F a µ (A, ξ), G a µ (A, ξ), I(A, ξ) and I (A, ξ) have been already worked out in [31, 32] , being given by
with (a 10 , a 11 , a 12 , a 13 ) free coefficients. Let us turn thus to the solutions of eq.(57) and eq.
(58).
Let us first analyze eq.(57). According to Table I , the quantity F i α (ψ, ξ) has the quantum numbers d = 3/2, vanishing ghost and η number, ψ-charge equals to 1 and is of anticommuting nature. It also has two indices: one related to the internal symmetry group in the fundamental representation of SU (N ), (i), and the other being a spinor one (α). Therefore, taking into account all these properties, we are led to consider the following expression
with σ ij αβ (ξ) being a dimensionless quantity in the Stueckelberg field ξ ij = ξ a T a,ij , given by Thanks to eq. (22), we can proceed as in [31, 32] and perform a convenient change of variables in equation (63), which consists in the replacement of ψ i α by the gauge invariant composite field ψ
Accordingly, the quantity σ ij αβ (ξ) will be redefined, namely:
whereσ ij p (ξ), with p = 1, .., 16, are power series in ξ a .
Let us now look again at the constraint (57), i.e.:
3 According to Appendix B of [45] , the Dirac matrices in Euclidean space are given by
where 1 is the 2 × 2 identity matrix, k = 1, 2, 3 and σ k are the well known Pauli matrices.
which immediately gives
Moreover, from the so-called discrete symmetries: parity, time-reversal and charge conjugation, we have the following result,σ
where a 14 is a constant and n = 2, . . . , 16. Thus, we finally conclude that the most general expression for F i α (ψ, ξ) is given by
The same procedure can be repeated forF i α (ψ, ξ), yielding:
with a 15 being a constant. Therefore, for the most general expression for ∆ cohom we get
Let us turn now to the trivial part of the cohomology of B Σ , i.e. to ∆ (−1) . Taking into account the quantum numbers of the fields and sources given by Tables I and II, ∆ (−1) can be written as:
with the arbitrary quantities (f 1 , ..., f 15 ) being functionals of the field ξ and of the gauge parameter Imposing the constraints (43)- (46), ∆ (−1) becomes
We are left thus with the remaining constraint (47) . Nevertheless, observing that
giving the condition
so that
Furthermore, following [31] , one realizes that setting the external sources J,
to zero in the action of eq. (24), we obtain
The fields (τ, η,η) can now be integrated out giving a unity [31, 32] . As a consequence, the action above becomes that of the ordinary Yang-Mills theory in linear covariant gauges with massless fermions. As such, when the sources J are set to zero, the counterterm we are looking for must reduce to that of the standard Yang-Mills theory in linear covariant gauges [47] . This implies that
as well as
where (a 16 , a 17 , a 18 , a 19 ) are free coefficient which may depend on the gauge parameter α, due to the fact that they appear in the exact cohomology solution for the operator B Σ . In addition, we also have
Therefore, for the expressions of ∆ cohom and ∆ (−1) , we find, respectively
For later convenience, it is helpful to rewrite the whole counterterm, eqs. (87), (88), in parametric form.
From expressions eqs. (87), (88), it is easy to show that: 
where we have considered, without loss of generality, a 14 = a 15 and a 17 = a 18 , due to the fact the In equation (89) we have also performed the following rescaling 5 :
The parametric form of the counterterm, eq.(89), will significantly simplify the analysis of the renormalization factors, as we shall see in the next section.
B. Analyzing the counterterm and renormalization factors
We notice that Σ count , eqs. (88), (89), contains a large quantity of free coefficients, which need to be shown to correspond to renormalizations of the fields, coupling constant, masses, composite operators and external sources. In other words, we have to prove that Σ count can be reabsorbed into the original action by means of a redefinition of all its arguments, which will be generically denoted as {Φ}, namely
where {Φ 0 } stand for the so-called bare quantities. Thanks to the parametric form, eq.(89),
equation (91) can be also rewritten as
5 It is actually the same as replacing SYM by g −2 SYM, so that the coupling constant g does not appear anymore in the expression for Σ.
where R denotes the operator
This means that the quantities {Φ} and {Φ 0 } are related by
Defining the renormalization factors {Z} as
we have, from eq.(94), that
One sees thus that the whole counterterm can be reabsorved into the starting action Σ. This concludes the proof of the renormalizability of the action Σ to all orders of perturbation theory. As usual, see also [31, 32] , the auxiliary Stueckelberg field ξ a , being dimensionless, renormalizes in a nonlinear way through the quantity f ab 1 (ξ), which is a power series in ξ a . Taking finally the physical values of the sources J and J ψ , eq. (26), we obtain the renormalization of the corresponding mass parameters, namely
As one can observe, there is a mixing between the mass parameters in the renormalization process.
This suggests that even if we do not include the gauge invariant operator A h µ A h µ from the beginning, i.e. (m 2 = 0), it would show up through quantum corrections if the theory contains a fermionic mass parameter like m ψ as well as the gauge invariant composite operator ψ h .
V. CONCLUSIONS
In the present work, we have pursued the previous investigation started in [31, 32] by introducing, in addition of the gauge invariant composite fields A h µ and A h µ A h µ , their spinor gauge invariant counterparts (ψ h ,ψ h ), eq.(22).
The main result obtained is that the starting action Σ in presence of the gauge invariant composite operators (ψ h ,ψ h ) is renormalizable to all orders in perturbation theory.
As underlined in the introduction, the gauge invariant composite operators (ψ h ,ψ h ) might give rise to several applications of interest.
The operators (ψ h ,ψ h ) could be employed in order to construct an effective kind of matter horizon function, in analogy with the so-called Gribov-Zwanziger horizon function [20] enabling to restrict the functional integral to the Gribov region Ω, to get rid of the Gribov copies. More precisely, the operators (ψ h ,ψ h ) allow us to write down the following non-local term
Expression (100) provides a manifest BRST invariant generalization of the term already introduced in [39] . In particular, once including (100) in the starting action and after a suitable localization procedure [39] , it yields an analytic form for the quark propagator which is in qualitative agreement with the available lattice data in the Landau gauge [48] . Moreover, the manifest BRST invariance of expression (100) would enable us to study the so-called effective momentum dependent quark mass function M(p 2 ), see for example [39, 48] , in a BRST invariant way.
Another potential application of the operators (ψ h ,ψ h ) is that of allowing for a renormalizable nonAbelian Landau-Khalatnikov-Fradkin (LKF) transformations which include spinor fields, within the setup worked out recently in [40] . In fact, due to the BRST invariance of (A h µ , ψ h ,ψ h ), it follows that the correlation functions A h µ 1 (x 1 )...A h µ i (x i )ψ h (y 1 )....ψ h (y j ) are independent from the gauge parameter α, namely 
